Abstract. For a graph G of order n ≥ 2, an ordering (x 1 , x 2 , . . . , xn) of the vertices in G is called a double-link ordering of G if x 1 x 2 ∈ E(G) and x i has at least two neighbors in {x 1 , x 2 , . . . , x i−1 } for all i = 3, 4, . . . , n. This paper shows that certain graphs possessing a kind of double-link ordering have no chromatic zeros in the interval (1, 2). This result implies that all graphs with a 2-tree as a spanning subgraph, certain graphs with a Hamiltonian path, all complete t-partite graphs, where t ≥ 3, and all (v(G) − Δ(G) + 1)-connected graphs G have no chromatic zeros in the interval (1, 2).
can be replaced by the following inequality:
Let Γ be the family of graphs having a γ-ordering. It is clear that Γ ⊆ D. By definition, if G ∈ D and v(G) ≤ 5, then G ∈ Γ. But, for any n ≥ 6, there exists a graph G ∈ D with v(G) = n such that G / ∈ Γ. For example, if G is a graph obtained from the complete bipartite graph K 2,n−2 by adding one edge which joins any two vertices in the part with n − 2 vertices, then it can be shown that G ∈ D but G / ∈ Γ if n ≥ 6. Thus Γ is a proper subfamily of D.
By the definition of a γ-ordering, we have the following lemma. In this section, we shall show that each graph in Γ has no chromatic zeros in (1, 2) . To establish this result, we need to show the following:
(i) If G ∈ Γ and G is a spanning subgraph of a graph H, then H ∈ Γ.
(ii) If G ∈ Γ and x ∈ V (G) with d(x) = 2, then G − x ∈ Γ and (G − x) · uv ∈ Γ, where {u, v} = N (x) and (G − x) · uv is the graph obtained from G − x by contracting u and v. Lemma 2.4. Let G be a spanning subgraph of a graph H. If G ∈ Γ, then H ∈ Γ. Proof. Since G ∈ Γ, G has a γ-ordering (x 1 , x 2 , . . . , x n ), where n = v(G) ≥ 2. Then there exist u i , v i ∈ N G (x i ) ∩ V i−1 with u i = v i for i = 3, 4, . . . , n such that (3) holds for every nonempty independent set I of G.
Since G is a spanning subgraph of H, (x 1 , x 2 , . . . , x n ) is also a double-link ordering of H and u i , v i ∈ N H (x i ) ∩ V i−1 for i = 3, 4, . . . , n. Each independent set I of H is also independent in G. Thus (3) also holds for every nonempty independent set I of H. Therefore H ∈ Γ.
On the other hand, if G ∈ Γ, what edge uv can be removed from G such that G − uv ∈ Γ?
Lemma 2. implying that inequality (3) does not hold for the independent set I\{u} of G, a contradiction.
Therefore the result holds.
Let (x 1 , x 2 , . . . , x n ) be a γ-ordering of G. By the definition of a γ-ordering, if 3 ≤ i < n − 1 and
. . , n. By the above argument, if i < n, we can get a new γ-ordering of G by exchanging x i (i.e., x) and x i+1 . Repeating this process, we would have a γ-ordering ending with x. Hence we may assume that x = x n , and we have G − x ∈ Γ.
(ii) Let (x 1 , x 2 , . . . , x n ) be a γ-ordering of G and x = x n . Since G ∈ Γ, by Lemma 2.5, there exist
, . . . , n such that (3) holds for every nonempty independent set I of G.
Since
Assume that u n = x s and v n = x t , where s < t ≤ n − 1. For convenience, we still denote by x s the new vertex in G after contracting u n and
Suppose that there exists a nonempty independent set I of G such that
Then we have x s ∈ I ; otherwise, (3) does not hold for the nonempty independent set I of G.
Thus (3) does not hold for the independent set I 0 of G, a contradiction.
Hence
We are now ready to prove our main result in this section.
Thus the result holds for v(G) ≤ 3. Assume that the result holds for all G ∈ Γ with v(G) < n, where n ≥ 4.
Suppose on the contrary that the result does not hold for some graph of order n in Γ. Let G be such a graph with minimum e(G). Let λ ∈ (1, 2) be such that
. . , n such that (3) holds for every nonempty independent set I of G.
we have
There exists w ∈ N (x n )\{u n , v n }. By Lemma 2.5, G−x n w ∈ Γ. Since G−x n ∈ Γ and G · x n w can be considered as a graph obtained from G − x n by adding some edges, by Lemma 2.4, G · x n w ∈ Γ. Thus, by the assumption on the minimality of e(G),
Graphs in Γ.
In the preceding section, it is shown that every graph in Γ has no chromatic zeros in (1, 2) . However, we don't know exactly what graphs are included in Γ, although some families of graphs in Γ have been found (see section 4).
Question. What graphs are included in Γ?
Given a double-link ordering (
is a γ-ordering of G, then the following inequality follows from (3) for every nonempty independent set I of G:
We conjecture that the converse is also true. 
In this section, we present a sufficient condition, which is stronger than (8) , for a graph to be in Γ. We first introduce two results.
holds for every nonempty independent set I of G.
Proof. The necessity is obvious by (3) and we need only to prove the sufficiency. (9) holds for every nonempty independent set I of G.
Let
Thus (3) follows from (9) for every nonempty independent set I of G, and therefore
. . , A k be any k sets such that the following inequality holds for every nonempty set S ⊆ {1, 2, . . . , k}:
holds for every nonempty S ⊆ {1, 2, . . . , k}.
Proof. By Hall's theorem, there exist distinct
∈ Q} and replace Q by Q ∪ {i}. 3. If Q = {1, 2, . . . , k}, then stop; otherwise, go to step 2. By condition (10) ,
and so step 2 is workable. Thus all v i 's can be determined by this algorithm. Now let r 1 r 2 . . . r k be the permutation of the set {1, 2, . . . , k} such that v ri+1 is selected after v ri in the above algorithm for i = 1, 2, . . . , k − 1. Notice from step 2 of this algorithm that
Let S be any nonempty subset of {1, 2, . . . , k} = {r 1 , r 2 , . . . , r k }. Let t be the minimum number in {1, 2, . . . , k} such that r t ∈ S. Then
and so
Hence (11) follows.
Proof.
holds for every nonempty U ⊆ U 0 .
Let I be any nonempty independent set of G. For
we have i∈U {u i , v i } ⊆ I, and by (13),
Some families of graphs in Γ.
In this section, we shall show that Γ includes the following families of graphs:
(i) graphs containing a 2-tree as a spanning subgraph; (ii) 2-connected plane near-triangulations; (iii) all t-partite graphs, where t ≥ 3; (iv) graphs with a Hamiltonian path By the definition of a chordal graph, it can be shown that every 2-connected chordal graph belongs to Γ, which follows from the next result.
By Lemma 3.1, the result holds.
Dong and Koh [3] showed that if G contains a 2-tree as a spanning subgraph, then G contains no chromatic zeros in (1, 2) . By Corollary 4.1, such a graph actually belongs to Γ, so their result follows from Theorem 2.1.
Birkhoff and Lewis [1] showed that every plane near-triangulation has no chromatic zeros in (1, 2) . By Corollary 4.1, every 2-connected plane near-triangulation belongs to G ∈ Γ, because if v(G) ≥ 4, then G contains a vertex x such that G − x is a 2-connected plane near-triangulation and N (x) is not independent. Thus, Birkhoff and Lewis' result is a special case of Theorem 2.1.
Corollary 4.2. Every complete t-partite graph G, where t ≥ 3, contains a 2-tree as a spanning subgraph and hence belongs to Γ.
Proof. Let xyzx be a triangle in G. For every w ∈ V (G)\{x, y, z}, we have |N (w) ∩ {x, y, z}| ≥ 2. Thus G contains a spanning 2-tree, and so G ∈ Γ.
Thomassen [8] showed that any graph with a Hamiltonian path has no chromatic zeros in (1, t 0 ], where
but for any > 0, there exists a graph with a Hamiltonian path which has a chromatic zero in (t 0 , t 0 + ).
By Theorem 2.1, we will show that there is a large family of graphs with a Hamiltonian path which have no chromatic zeros in (1, 2).
Lemma 4.2. Let G be a graph and
Proof. Assume that ( holds for every nonempty independent set I of G. Let u n = x n−1 and v n be any vertex in N (x)\{x n−1 }. Suppose that I is a nonempty independent set I of G such that
Then, by (15), {u n , v n } ⊆ I and so x n−1 ∈ I. However, as 
By Lemma 1.1, a 2-connected bipartite graph G has chromatic zeros in (1, 2) as long as v(G) is odd. The next result shows that for any 2-connected complete bipartite graph, adding one edge properly to this graph produces a graph having no chromatic zeros in (1, 2) . and K m,n is n-connected but not (n + 1)-connected. However, by Lemma 1.1, K m,n has chromatic zeros in (1, 2) if m + n is odd. Dong and Koh [2] showed that if Δ(G) ≥ v(G) − 2, then G contains no chromatic zeros in the interval (1, d) 
A necessary condition.
In this section, we first present a necessary condition for a graph G to be in Γ and then propose some conjectures related to the existence of chromatic zeros in (1, 2) . Let c(H) denote the number of components of a graph H.
